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Abstract

We exhibit a new method to find Willmore tori and Willmore-Chen submanifolds in spaces
endowed with pseudo-Riemannian warped product metrics, whose fibres are homogeneous spaces.
The chief points are the invariance of the involved variational problems with respect to the conformal
changes of the metrics on the ambient spaces and the principle of symmetric criticality. They allow
us to relate the variational problems with that of generalized elastic curves in the conformal structure
of the base space. Among other applications we get a rational one-parameter family of Willmore
tori in the standard anti De Sitter 3-space shaped on an associated family of closed free elastic
curves in the once punctured standard 2-sphere. We also obtain rational one-parameter families of
Willmore-Chen submanifolds in standard pseudo-hyperbolic spaces. As an application of a general
approach to our method, we give nice examples of pseudo-Riemannian 3-spaces which are foliated
with leaves being non-trivial Willmore tori. More precisely, the leaves of this foliation are Willmore
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1. Introduction

Let N be a compact manifold of dimension n, which we assume without boundary,
otherwise minor changes can be done to get boundary versions of our results. Let A be
the smooth manifold of immersions ¢ of N in a pseudo-Riemannian manifold (M, g). The
Willmore—Chen functional §2 is defined on A to be

2(¢) = / (H, H) — te)"*dv, (1.1)
N

where H and . denote, respectively, the mean curvature vector field and the extrinsic scalar
curvature function of ¢, and dv is the volume element of the induced metric (via ¢) on N
(see [14,27]).

The variational problem associated with this functional is known in the literature as
the Willmore—Chen variational problem. It was shown by Chen [13] that this functional
is invariant under conformal changes of the metric g of the ambient space M. Its critical
points are called Willmore—Chen submanifolds. When n = 2, the functional essentially
agrees with the well-known Willmore functional and its critical points are the so-called
Willmore surfaces.

Obvious examples of Willmore surfaces, in spaces of constant curvature, are those with
H = 0, in particular minimal and maximal surfaces. Articles showing different methods to
get examples of non-minimal Willmore surfaces in standard spheres are well known in the
literature (see, for instance, [4,10,15,22]). Examples in non-standard 3-spheres are given
in [2].

The first non-trivial examples of Willmore—Chen submanifolds (of course with dimen-
sion greater than 2, namely they are of dimension 4) were obtained in [9]. In [3], the first
author gave ample families of Willmore tori (either Riemannian or Lorentzian) in pseudo-
Riemannian manifolds with non-constant curvature. In particular he obtained nice examples
of Riemannian Willmore tori in some kind of spacetimes close to Robertson—Walker space-
times.

However two open problems drew our aitention. The first one is that no exampies of
Willmore surfaces are known in the anti De Sitter space. Also, no examples of non-trivial
Willmore—Chen submanifolds in pseudo-Riemannian spaces (with non-zero index) are
known in the literature. These two problems will be solved in this paper. Both are ap-
plications of the technique we will exhibit later.

The plan of the paper can be summarized as follows. After some preliminaries given
in the Section 2, we will obtain the result of Pinkall [22], but using a direct approach. To
do that we will integrate the Euler-Lagrange equations for Willmore surfaces in spaces of
constant curvature, which were computed in [25].

In three-dimensional Lorentzian geometry the anti De Sitter 3-space IH]? behaves, in some
sense, as the 3-sphere S does in Riemannian geometry (see, for instance, [1,7] to compare
this claim from the point of view of the behaviours of general helices). In particular, two
Hopf maps can be defined from IH]? over H? and IHI%, respectively (see [6] and Section 2 for
notation), the first one having closed fibres. Therefore to find Willmore tori in lH]? it seems
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natural to deal with the class of Hopf tori and look for solutions of the corresponding Euler—
Lagrange equations for the Willmore functional on this class. Two facts should be noted. On
one hand, concerning Hopf tori, we mean surfaces which have a certain degree of symmetry
and project, via the Hopf map, into closed curves in the hyperbolic 2-plane H?. On the other
hand, the Euler-Lagrange equations obtained by Weiner for Riemannian manifolds work
also here. However, to integrate these equations, we can use a direct method or a method
based on the nice symmetries of the Hopf tori to show that there exist no Willmore—Hopf
tori in IH]? .

In Section 4 we deal with the canonical variation of the standard metric in [H]’? (see [11]
for details) to get a one-parameter family of pseudo-Riemannian submersions over the
hyperbolic 2-plane. We use a similar argument to that exposed in [2] to find interesting
examples of Willmore tori in non-standard anti De Sitter three spaces (these endowed with
metrics of constant scalar curvature) shaped on certain closed elastic curves in the standard
hyperbolic 2-plane.

Section 5 is the main one of the paper. We present a new method to obtain examples
of Willmore—Chen submanifolds in the pseudo-hyperbolic space H?. We first notice that
the metric on H?, obtained as the pseudo-Riemannian product of the standard metric in the
once punctured (n — r)-sphere X"~ and the negative definite standard one in the r-sphere,
is conformal to the standard metric on H7. Then we use the homogeneous structure of the
r-sphere to determine the submanifolds of H? which are SO (r 4 1)-invariant. Next by using
the invariance of the Willmore—Chen variational problem under conformal changes of the
ambient metric and the principle of symmetric criticality [21], we are able to reduce the
problem of finding SO (r + 1)-symmetric Willmore~Chen submanifolds in H? to that of
closed generalized elastic curves in X" . That means critical points of the functional

]_‘I(y) — /(KZ)(F+1)/2 ds
4

(x being the curvature function of y) defined on the smooth manifold of closed curves in
xn-r,

This method will allow us to give a wide family of Lorentzian Willmore tori in the
standard anti De Sitter 3-space, which come from closed free elastic curves in the once
punctured 2-sphere (see Corollaries 10 and 11).

We also determine, for any natural number r and any non-zero rational number, a unique
closed helix in X which s a critical point of 7" (see Theorem 12). Therefore we obtain non-
trivial Willmore~Chen submanifolds in the pseudo-hyperbolic space H>*" (see Theorem
14).

In Section 2 we generalize the above argument to a remarkable and more general context
(see Theorem 16). Then we apply it to get some consequences in Section 7. We first obtain
Willmore tori in some conformal structures on spaces which topologically are products of
three circles (see Corollary 17). Even so, this result is widely extended with the aid of an
existence result for elasticae due to Koiso [16] (see Corollary 19). We also make use of our
method to give examples of pseudo-Riemannian 3-spaces which admit foliations whose
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leaves are non-trivial Willmore tori. These foliations come from the free elasticity of all
parallels of certain surfaces of revolution obtained in [8] (see Corollary 18).
2. Set-up

Let Rf’” be the (n + 2)-dimensional pseudo-Euclidean space whose metric tensor is
given by

t n+2
(rx)==> di@dd+ Y dr/ @ dx/,
i=1 Jj=t+1
where (x!, ..., x"*2) is the standard coordinate system. Let M"*1(p) be R**!if p = 0

or the (n + 1)-dimensional complete and simply connected space with constant sectional
curvature K = sign(p)/p? and index s if p # 0. For each p # 0, a model for M"*1(p) is
the pseudo-Euclidean sphere $"*!(p) if p > 0 and the pseudo-Euclidean hyperbolic space
H*+!(p) if p < 0, where

St p) ={(x e R : (x,x) = p?} (p>0)
and

H () = (x e 7T : (x,x) = —p%} (0 < 0).
Throughout this paper, x : M"t!(p) — R;’+2 will denote the standard immersion of
M"+1(p) in RP*2. For the sake of brevity we will write $*+!(p) by St (p) and S+ by
§§’+1 (1). A similar convention for pseudo-hyperbolic spaces will be used.

One of the most classical topics in the calculus of variations was proposed by Bernoulli:
the problem of the elastic rod. According to Bernouilli’s idealization, all kinds of elastica
minimize total squared curvature among curves of the same length and first order boundary
data. Recently, Bryant—Griffiths [12], and Langer-Singer [17,18], have generalized the
notion of elastica to space forms and studied them from a geometrical point of view. Let
y : I - M™(p) be aclosed curve in M™(p), then y is said to be a A-elastica (or A-elastic
curve) if it is an extremal point of the functional

L
Gi(y) = f (VrT, VrT) + 1) ds,
0

for some A, where ds and L stand for the arclength and length of y, respectively. The
Lagrange multiplier A has been included partly because the case of constrained arclength
will be useful later. It is called a free elastica if A = O; in this case, y is a critical point
of G(y) = Go(y) among closed curves which are allowed to grow in length. This lack of
constraint of length makes existence an interesting and non-trivial question in the calculus
of variations.
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We can assume, without loss of generality, that y is arclength parametrized and let

{E1=T,E,=N,E3=B,..., E,) be a Frenet frame along y, with curvature functions
{k1 =K,k2 =1,...,Km—1)}, satisfying the Frenet equations
VrT =exN,

VrN =—€1xT + €31 B,

VrEn=—€n_1km_1En_1,

where, as usual, T = y’, (E;, E;) = ¢;, and V stands for the Levi-Civita connection on
M™(p). Then the Euler-Lagrange equation reduces to the following system of differential
equations:

2e0k” + 16> — 283k 1% + £162(2c — Mk = 0, .1
AUt +xt’ =0, 2.2)
k18 =0, 2.3

where 8 € span{T, N, B}*. If y does not lie in a two-dimensional totally geodesic sub-
manifold of M™ (p), then Eq. (2.3) implies that § = 0 and so the curve y lies in a three-
dimensional totally geodesic submanifold of M™ (p). Hence we can assume without loss
of generality that n = 2 or n = 3. On the other hand, from (2.2) we deduce that Kt =a
is constant.

Another interesting topic in the calculus of variations is concerned with the total mean
curvature of immersed manifolds. The first result of this subject is due to Willmore [28],
and since then a surface M in R3, ¢: M- R3 being the immersion, is called a Willmore
surface if it is an extremal point of the functional

Q) = / o’ d4,
M
where « and dA stand for the mean curvature function of M in R and the area element
of M, respectively. In [25] Weiner extends this notion to an arbitrary three-dimensional

Riemannian manifold M: a surface M C M is said to be stationary (or Willmore surface)
if it is an extremal point of

Q@) = f((H, H)+ R dA,

where R’ is the sectional curvature of M along M and H denotes the mean curvature vector
field. Of special interest is the case when M = M3(p) is of constant curvature K. We
define the operator W over sections of the normal bundle of M into M3 (p) as follows:

W:TM > T M, W(E) = (AP +2(H, H)I — A)E,

where A denotes the Simon operator [24]. A cross-section £ will be called a Willmore
section if W(§) = 0. Then the operator W naturally appears provided that one computes
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the first variation formula of §2. That can be obtained in a similar way to that given by
Weiner (see [25]) in the definite case. Now Willmore surfaces are nothing but extremal
points of the Willmore functional and they are characterized from the fact that their mean
curvature vector fields are Willmore fields.

More generally, let (M", g) be an n-dimensional submanifold of a Riemannian manifold
(A71 , ). Then ({H, H) —t.)g is invariant under any conformal change of the ambient metric
£, 7. standing for the extrinsic scalar curvature with respect g [14]. When M= M" (0)
and M" is compact then r. = v — K, T being the scalar curvature of (M", g), and M is
said to be stationary (or a Willmore—Chen submanifold) if it is an extremal point of

2() = / ((H, H) — ©,)"*dv,
M

dV standing for the volume element on M. The variational problem associated with this
functional 2 is an extrinsic conformal invariant and so are the Willmore—Chen submani-
folds.

3. Willmore tori in the 3-sphere

Letw : S* > §2(1/2) the usual Hopf fibration, which is a Riemannian submersion
relative to canonical metrics on both spheres (we will follow the notation and terminology
of [11,20]).

For any unit speed curve y : I < R — S$2(1/2), we can talk about horizontal lifts
7 (s) of y(s) and obtain unit speed curves in S>. All these curves define the complete lift
M, = 7~ 1(y) of y. This is a flat surface which we will call the Hopf tube over y. It is easy
to see that M,, can be parametrized by

W(s, 1) = €'(s), (3.1)

¥ being a mapping / x R — S? and 7 a fixed horizontal lift of y.

If y is a closed curve in $?(i/2) of length L enclosing an oriented area A, then its Hopf
tube M,, is a flat torus (the Hopf torus over y) which is isometric to R?/I", I" being the
lattice generated by (0, 27) and (L, 2A).

Let us consider the manifold of all immersions of a torus in S3. Then the Hopf tori
correspond with those immersions which are invariant under the usual S'-action on S§3
in order to get S?(1/2) as the orbit space. The Willmore functional of the manifold of
immersions is invariant for this S!-action. Then we can use the nice argument of Pinkall
(see [22]), based on the principle of symmetric criticality of Palais [21], to reduce the
problem of finding symmetric Willmore tori (i.e., Willmore-Hopf tori) in S to that of
finding closed elasticae (with Lagrange multiplier A = 4) in $?(1/2). This is the way used
by Pinkall [22] to get infinitely many embedded Hopf tori which are Willmore tori.

We wish to point out that Pinkall’s result can be also obtained by a straightforward
computation. To do that we will solve the Euler-Lagrange equation for Willmore tori in the
3-sphere (see [25] for details). That equation turns out to be
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APH = A(H) — 22%H. (3.2)

H being the mean curvature vector field of the torus in S, @®> = (H, H) the squared of
the mean curvature function and AP the Laplacian relative to the normal connection. All
geometric invariant appearing in (3.2) can be computed from (3.1).

The shape operator A of M, is given by

AX, =kX; + X,, AX; = X;, (3.3)

where ¥ = ko, k being the curvature function of y in $%(1/2) (see [6] for details).
We also have that

H=j(rA¢ =1ke,  APH=-1&"¢, (3.4)

£ being a unit normal vector field of M, in S® and " = d%k(s)/ds".
Finally, it is easy to see that A(H) = |A|2H, so that

A(H) = k@ +2)8. (3.5)
Now bring (3.4) and (3.5) to (3.2) to get
2%" +i® + 4k = 0. (3.6)

This is nothing but the Euler-Lagrange equations (2.1) and (2.2) for 4-closed elastic
curves in S$2(1/2) (see also [18, Eq. 1.2]).

Summing up, we have shown that M, is a solution of (3.2), and therefore a Willmore
surface in S3, if and only if y is a solution of (3.6), and so a 4-elastica in S*(1/2).

Remark 1. Insome sense, the anti De Sitter and De Sitter worlds, IH]? and S?, respectively,
behave as the spherical and hyperbolic space forms S? and H?, respectively. A nice example
illustrating this fact arises when one studies evolution equations associated with Killing
flows in space forms (either Riemannian or Lorentzian). In particular, curves which evolve
under a certain flow without changing shape, only position. For instance, general helices
(see [1,7)).

In studying the anti De Sitter 3-space H>, we have found a couple of Hopf maps 7o
IH]? — lH]jz.(—l/2), J =0, 1, according to the base space is the hyperbolic 2-plane lH]g = H?
or the pseudo-hyperbolic 2-plane IH]% (see [6] for details). We wish to study the Willmore
problem in [H]? and, in particular, we are trying to get Willmore surfaces in H? coming from
curves in lHljZ.

The computations we have made in S3, via the usual Hopf map, hold now and the
Euler-Lagrange equation W(H) =0for M, ; == j_l (v), reduces to the Euler-Lagrange
equation

(=11 2%" — k3 446k =0

for (—4)-elastic curves in IH]]2-, € being the sign of the surface M,, ;.
We wish to point out that fibres of g are circles, and thus M,, = M,, o is a torus provided
that y is closed, whereas fibres of 7] are not compact. Therefore, given a closed curve y in
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H?2, then M, =m, ! () is a (Lorentzian) Willmore torus if and only if y is a (—4)-elastic
curve in H?. Unfortunately, a recent result of Dan Steinberg in his Ph.D. dissertation, kindly
communicated to us by D.A. Singer, shows that there is no closed (—4)-¢elasticae in H?. As
a consequence, one should conclude that there are no (Lorentzian) Willmore tori in the anti
De Sitter 3-space [Hl?.

4. Willmore tori in non-standard anti De Sitter 3-space

Let r : (M, g) — (B, h) be a pseudo-Riemannian submersion. We can define a very
interesting deformation of the metric g by changing the relative scales of B and the fi-
bres (see [11]). More precisely, it is defined the canonical variation g;, t > 0, of g by
setting

gly =gy, aly=c¢y, &V, H =0,

where V and H stand for vertical and horizontal distributions, respectively, associated with
the submersion. Thus we obtain a one-parameter family of pseudo-Riemannian submersions
m; : (M, g) — (B, k) with the same horizontal distribution H, for all + > 0. Relative to
O’Neill invariants A" and T of these pseudo-Riemannian submersions, we will just recall
a couple of properties. First, if g has totally geodesic fibres (T' = 0), the same happens for
g:, for all ¢ > 0. Furthermore,

ALU =1?AyU, @1

forany Y e Hand U € V.

Now we consider the canonical variation of the Hopf fibration m = 7 : IH]? — H?%(~=1/2)
to get a one-parameter family of pseudo-Riemannian submersions m; : (lH]% ,8) — (H?
(—=1/2), go)- Let y be a unit speed curve immersed in H?(—1/2). Set T:= 71,_1 (y)- Then
T, is a Lorentzian flat surface immersed in H?3, that will be called the Lorentzian Hopf
tube over y. As the fibres of 7; are [H]}, which topologically are circles, then 7,, ; is a Hopf
torus in (IH]?, g:), provided that y is a closed curve. It is obvious that the group G = S!
naturally acts through isometries on ([H]?, gr), forallt > 0, getting ([H]z(—I/Z), go) as the
orbit space. The following result, whose proof is omitted, gives a nice characterization of
the G-invariant surfaces in (IH]?, g).

Proposition 2. Ler S be an immersed surface into (H3, g,). Then S is G-invariant if and
only if S is a Lorentzian Hopf tube T,,; = m;(y) over a certain curve y immersed in the
hyperbolic 2-plane (H*(—1/2), go).

Remark 3. The canonical variation of a pseudo-Riemannian submersion has been used to
get examples of homogeneous Einstein metrics (see [11] for a nice and complete exposition
on the subject). In dimension 3, Einstein metrics correspond with constant sectional curva-
ture metrics. Therefore, the standard metric g = g1 is the only Einstein metric that one can
find on the anti De Sitter 3-space. However, we can use a well-known formula to compute
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the scalar curvature of the canonical variation of a pseudo-Riemannian submersion (see
[11] again), to find that (IH]?, &), t > 0, is a one-parameter family of pseudo-Riemannian
manifolds with constant scalar curvature, and so the nicest metrics on the anti De Sitter
3-space after the canonical one.

In the following we will use the principle of symmetric criticality in order to reduce the
problem of finding Lorentzian Willmore tori in (H?, g,), t > 0, to that of finding closed
A-elasticae in (IH]2(-1/2), £0).

Theorem 4. Let m, : (H3, g) = (H2(=1/2), go), t > 0, be the canonical variation of the
pseudo-Riemannian Hopf fibration. Let y be a closed immersed curve in (H2(—1/2), £0)
and T, = n,_' (y) its Lorentzian Hopf torus. Then T, ; is a Willmore surface in (lH]?. g1
if and only if y is an elastica in (H*(—1/2), go) with Lagrange multiplier A = —4t>.

Proof. Let T = S! x S! be a compact surface of genus one, i.e., T is a topological torus.
Consider the smooth manifold of immersions of T into ([H]‘;’, g)hsayM={¢p : T —
([H]?, g:) . ¢ 1s an immersion}. The Willmore functional on M is

2(¢) = /((H, H) + R") dv,
T

H and R’ standing for the mean curvature vector field of 7 and the sectional curvature
of ([H]?, g:), measured with respect to the tangent plane to (7, ¢), respectively. It is clear
that, for any e € S!, we have that 2(¢) = 2(e? - ¢). Now let us denote by C the set
of critical points of £ in M, i.e., C is the set of genus one Willmore surfaces. Let Mg be
the submanifold of M made up by those immersions of 7 which are (G = S')-invariants
and let Ci be the set of critical points of §2 restricted to M. The principle of symmetric
criticality (see [21]) can be used here to find that C N M = C. Now from Proposition 2
we obtain that Cg = {7, ; = zr,_] (y):y is an immersed closed curve in (H?(—=1/2), go)}.
To compute $2(7,,), i.e., the Willmore functional on Cg, we first notice that o = %x,
« being the curvature function of y in (H?(—1/2), go). Now we are going to compute
R'. Let X = y’ be the unit tangent vector field along y and X its horizontal lift (for
any t > 0) to (IH]?, g1). Then, at any point, the tangent plane of 7, , is spanned by X
and U, U being a unit (with respect to g;) timelike vector field which is tangent to the
fibres of ;. Then the tangent plane of 7, ; is a mixed (also called “vertizontal”, see [26])
section of 7, : ([H]?, g — ([I-I]2(—1/2), g0). As g; has geodesic fibres, we know that
R! = —g,(A’)-(U , A’)-( U), A’ being the O’Neill invariant for the submersion g;, which is
known to be (see [11})

i R v/3
ALU = VLU,
V! being the Levi-Civita connection of g;. Then we have

—1=g U, U)=—t’gU,U) = —g(tU,1U),
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so & = tU is a unit timelike vector field with regard to g. Now, from [6, p. 3], and bearing
in mind that V2 U is horizontal, we get

g (ViU,iX) = 38U, liX, X])
=1g/(U, V3 X — V3iX)
= J&i(U, —g/(X, X)k — g, (X, iX)E)
=1g,(U, -28)
=—1°g(U, &) =1. 4.2)
On the other hand,

g (VEU, X) = 1{Xg:(U, X) + Ugi(X, X) — Xg:(X, U)
- (X, [U, XD) + &, [X, XD + & (X, [X, UD}
=0. 4.3)

From (4.2) and (4.3) we deduce that

Hence,
R' = —g(tiX, tiX) = —1°.
Let L be the length of y. As the fibres of g, are circles of radii 7, we have

L

2t
QT,) = f (@ + R')dv = / / (%xz—tz)dsdr
1]

') 0

L
o /(xz —4)ds. O
4
0

Remark 5. The canonical variation g, of the standard metric g; = g on [H]? provides an
easy and useful way to get infinitely many Willmore tori in (Hf, g:). In fact, in working
with the pseudo-Riemannian Hopf fibration, we were not able to produce Lorentzian Hopf
Willmore tori into IH]? by pulling back elasticae in (H?(—1/2), go). This is because the
Lagrange multiplier we found is A = —4, which is not permitted (see Remark 1). Now, by
applying Theorem 4 and results by Langer and Singer [18], we give, for ¢ € (0, 1), infinitely
many Willmore tori in (IH]?, &:). It is worth pointing out that, in particular, any curve y of
constant curvature kg in (H2(—1/2), go) can be realized as an elastica in (H2(—1/2), £0)
with Lagrange multiplier A = xp — 8. Now y is closed provided that xg > 4, so that taking
xg €4,8),7,,= Jr,"l (y) is a Lorentzian—Willmore torus with constant mean curvature

in (M3, g), where t = \/2 — (k2 /4).
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5. Willmere—Chen submanifolds in the pseudo-hyperbolic space

In this section we are going to introduce a new method to construct critical points of the
Willmore—Chen functional in the pseudo-hyperbolic space H? = H’(—1). First we will
write H? as a warped product with base space the standard hyperbolic space H"~". Then
we will use the conformal invariance of the Willmore—Chen variational problem to make a
conformal change of the canonical metric of H}. Next we use the principle of symmetric
criticality of Palais [21] to reduce the problem to a variational one for closed curves in the
once punctured standard (n — r)-sphere.

5.1. W} as a warped product

Given 0 < r < n, let
H"™" = {(x0,x) € R x R*" : —x% + (x,x) = —1 and xp > 0}
the hyperbolic (n — r)-space and
H = {G,n) e R xR : —(£,&) + (n, n) = -1}

the pseudo-hyperbolic n-space. They are hypersurfaces in IR'I’"+l and IR':LI , respectively.
The induced metrics on these spaces, from those in the corresponding pseudo-Euclidean
spaces, define standard metrics kg on H” and g on H" ", both with constant curvature —1.

Let S be the standard unit r-sphere endowed with its canonical metric do? and consider

the mapping @ : H*™" x S — H defined by
P ((x0. x), u) = (xou, x).

It is not difficult to see that & defines a diffeomorphism whose inverse is @ ~!(£,7) =
((|€], n), £/|€)). For any curve B(¢) = ((xo(t), x (1)), u(¢)) in H" " x S” we have

[ 40 (B'(0)|* = —x6()2 + X' (O — xo(0) 1 (). (5.1)

Let f : H'™" — R be the positive function given by f(xy, x) = xp and consider the
metric g = go— f* do? on H"™" x S". The pseudo-Riemannian manifold (H" " x §", g) is
called the warped product of base (H" ", go) and fibre (S', —do?) with warping function
f.
It is usually denoted by (H"™", go) % (8§, —do?) or H*" x 5 (=S") when the metrics
on the base and fibre are understood (see [11,20] for details). Now formula (5.1) shows that
& is an isometry between H"™" x¢ (—=S") and (H7}, ho).

Consider a new metric # on H} defined by

1 1
h= ?',zh() = Fg() e dO'z,
with the obvious meaning by removing the pulling back via @. Thus (H7, k) is the pseudo-
Riemannian product of (H* ™", (1/f%)go) and (S, — do?). Finally it is not difficult to see
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that (H* ", (1/f 2y 2o) has constant sectional curvature 1, so that it can be identified, up to
isometries, with the once punctured standard (n — r)-sphere (£, do’?). Consequently,
(H?, k) is nothing but (X", do?) x (§", —do?), up to isometries.

5.2. SO(r + 1)-invariant submanifolds in H}

For any immersed curve y : [0, L] - H"™", we define the semi-Riemannian (r + 1)-
submanifold 7}, = @(y x §'). Itis clear that 7;, has index r and we will refer to 7,, as the
tube over . Now let G = SO(r + 1) be the group of isometries of (S”, — da'2). Obviously,
G acts transitively on (S", — do?). So we define an action of G on H! as follows:

a-EnN=P@- 2 E ) =@ &).n

foranya € G.
This action is realized through isometries of (H}, hg). The following statement charac-
terizes the tubes over curves in H” " as symmetric points of the above mentioned G-action.

Proposition 6. Let M be an (r + 1)-dimensional submanifold in H}}. Then M is G-invariant
ifand only if M is a tube T, over a certain curve y in H"™".

Proof. Let M be a G-invariant submanifold of dimension r + 1. For any p € M, write
p = (&, 1) = ®((xg, x), u) = (xou, x), where u € S”. Now the G-orbit through p is given
by

[pl={a-p:a e G}={(x0a),x):aeG}= (xS, x),

where we use that G acts transitively on S”. This proves that M is foliated by r-spheres, so
that we can consider the orthogonal distribution to this foliation. Since it is one-dimensional,
we can integrate it to geta curve y (f) = (xo(¢), x(£)) inH" 7" with @ (y (1) x§") =7, =
M. The converse is trivial. O

5.3. Critical points of F"(y) = fy(KZ)(r+l)/2 ds

Now we deal with the functional

F = [
Y

defined on the manifold of regular closed curves (or curves satisfying given first order
boundary data) in a given pseudo-Riemannian manifold, where r stands for any natural
number (even though all computations also hold if r is a real number). Notice that we write
the integrand in that form to point out that it is an even function of the curvature k. Also
F! agrees with G, which is the elastic energy functional for free elasticae.

Lety : I C R — S™ be aunit speed curve in the unit m-sphere with curvatures {«, 7, . . .}
and Frenet frame {T = y', &, ..., &,}. Given a variation I” := I"(s,t) : I x (—€,€) —
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§” of y, with I'(s,0) = y(s), we have the associated variation vector field W(s) =
(81°/3t)(s, 0) along y. We will use the notation and terminology of [18]. Set V(s,1) =
Ar/ds, Wis, 1) = ar'/dt, v(s,t) = |V(s, )|, T(s, 1) = (1/v)V(s, 1), k(s,t) = |V T,
V being the Levi-Civita connection of $™. The following lemma in [18] collects some basic
facts which we will use to find the Euler-Lagrange equations relative to F".

Lemma 7. With the above notation, the following assertions hold:

a
[V, W]=0; 3—j=<vrw,T>v; [W.T] = —(VrW. T)T:

(W, T],T]=T({VrW,T)HT;
3’
ot

R being the Riemann curvature tensor of S™.

=2(ViW,VrT) — 4(VrW, T)k* + 2(R(W, T)T, V7 T),

To compute (3/3t)F"(y) = (3/9t)F"(I"(s, 1)), we use this lemma and a standard ar-
gument involving integration by parts. Then we consider F” defined on a manifold which
only contains either regular closed curves or curves satisfying first order boundary data on
S™ in order to drop out obvious boundary terms which appear in the expression of that
variation. As a matter of fact, (3/9¢)|,=0F" (I'(s, t)) = 0 allows us to get the following
Euler equation, which characterizes the critical points of 7" on the quoted manifolds of
curves:

2
(KZ)(r—l)/2V%T+2i((K2)(r-l)/2)v%T+ (=72 d ((cD)=172)
ds ds?

2r+1 21(r+1)/2 2r+14d
= ' - VT + _
() T r+1 ds

s : ((K2)(r+1)/2)T = 0.

From here and the Frenet equations for y, we find the following characterization of the
critical points of F".

Proposition 8. Let y be a regular curve in S™ with curvatures (k, t,8,...}. Then y isa
critical point of

]_-r(y) — f(KZ)(r+l)/2 ds
Y

if and only if the following equations hold:

-1
r KS—KT2+K+£‘—‘Z
1 K

re” + =0, «Ht=0, §=0.

r

In particular, y lies in some S? or S totally geodesic in S™.

From now on we will call r-generalized elasticae to the critical points of 7" . In particular,
free elasticae are nothing but 1-generalized elasticae.
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5.4. A key result

We are going to characterize the tubes in (H”, ko) which are Willmore—Chen submani-
folds.

Theorem 9. Let y be afully immersed closed curve in the hyperbolic space H" ™" . The tube
Ty = &y xS")in (H}, ho) is a Willmore—Chen submanifold ifand only if y is a generalized
free elastica in the once punctured unit sphere (X", do?). In particular, n —r < 3.

Proof. Given a closed curve y in H* ™", let ) be the smooth manifold of all immersions of
y xS"in (HZ, hg),ie.,)Y ={¢ :y xS — (H?, ho): ¢ is an immersion}. The Willmore—
Chen functional on Y writes down as

2(9) = f (H, H) — 7)) dv,
y xS’
H and t. standing for the mean curvature vector field and the extrinsic scalar curvature
function of ¢, respectively, and dv being the volume element associated with the induced
metric. Denote by ¢ the immersion ¢ when it is endowed with the induced structure coming
from the metric h = (1/f%)ho. Since the Willmore—Chen variational problem and, in
particular, the Willmore—Chen functional are invariants under conformal changes of the
ambient metric, we have

2(9) = 2(¢).

Let C be the set of critical points of £2 on ), i.e., C is the set of Willmore—Chen immersions
of y x §" in (H?, ho). Let Vg be the submanifold of ) made up by G-invariant immersions
and C¢ the set of critical points of £2 when it is restricted to J. By using again the principle
of symmetric criticality of Palais [21], we have

CNYs =Cg.

Since Y is nothing but the set of tubes over closed curves in the hyperbolic space H" 7,
ie, Yo ={@(y x§") : y C H"™"}, we can compute the restriction of 2 to Y to get

/ (K )(r+1)/2dv

yxS"

VOI(S’ —dU ) r+1)/2
T+ /( ) ds.

Py xS ))_m’*'_l

where « stands for the curvature function of y in the once punctured unit sphere (X", daz)
= (H"", (1/f%)go). Notice that we have used the metric h on H? to take advantage of
the pseudo-Riemannian product structure of (H, h) = (X777, dcrz) x (8§, — do?). This
proves the first part of the statement.

As for the second one, just combine Proposition 8 with the fullness assumption. a
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5.5. Some examples

In order to give examples of non-trivial Willmore—Chen submanifolds in the pseudo-
hyperbolic space (H, hp), we apply Theorem 9. To do that, we start with a fully immersed
closed curve y in the hyperbolic (n — r)-space H" ™", with n — r < 3, and then we view
H"~" as a once punctured (n — r)-sphere (X", do?). Therefore, the first case we will
consideris n = 3 and r = 1. Then Theorem 9 applied here writes down as follows:

Corollary 10. Lety be animmersed closed curve in the hyperbolic 2-plane. The Lorentzian
tube T}, = P(y x S'Y is a Willmore torus in the three-dimensional anti De Sitter space
(IH]?, ho) if and only if y is a free elastica in the once punctured unit 2-sphere (£°, do?).

The complete classification of closed free elasticae in the standard 2-sphere was achieved
by Langer and Singer [18]. That classification can be briefly and geometrically described as
follows: Up to rigid motions in the unit 2-sphere, the family of closed free elasticae consists
of a geodesic yy, say the equator, and an integer two-parameter family {y,,, : 0 < m <
n, m,n € 7}, where y,, , means that it closes up after n periods and m trips around the
equator yp.

As a consequence we have:

Corollary 11. There exist infinitely many Lorentzian Willmore tori in the three-dimen-
sional anti De Sitter space. This family includes {T,,,, : 0 < m < n, m,n € Z} and
Ty

A second case we will consider is n — r = 3. Then we are looking for critical points of
FT(y), i.e., solutions of two first equations in Proposition 8 inside the family of helices in
the standard once punctured 3-sphere (X3, do?). (For details about the geometry of helices
in the standard 3-sphere we refer to readers to [5]).

Lety beahelix in (X3, do?) with curvature « and torsion 7. From now on we will assume
that y is a not a geodesic; otherwise, it is a trivial solution. Then y is an r-generalized free
elastica if and only if

K2—t2+1=0. (5.2)
r+1

That means that, in the («, 7)-plane of helices in (X3, do?), F" has exactly a hyperbola of
critical points. To determine the closed helices which are r-generalized elasticae we use the
following argument series (see [9]). First, take the usual Hopf fibration /7 : (X7, do?) >
(82, ds2), where the base space is chosen to be of radius % in order to IT be a Riemannian
submersion. Let B be an arclength parametrized curve with constant curvature p € R into
(S?, ds?). Let Sg = T~ (B) be the Hopf tube over B (see [5] or [22] for details). Then
Sp becomes a flat torus with constant mean curvature in (X 3, do?). Furthermore, it admits
an obvious parametrization ¥ (s, t) by means of fibres (s = constant) and horizontal lifts
B of B (t = constant). If y is a geodesic of Sg, with slope I € R (slope measured with
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respect to ¥), then y is a helix in (¥ 3 do?) whose curvature x and torsion 7 are given
by

+21
P 11)+—12 (5.3)
and
1—pl—12
= TTeE CY

Secondly, the converse also holds. Namely, given any helix y in (X3, do?), with curva-
ture « and torsion 7, it can be viewed as a geodesic in a certain Hopf tube of (2‘3, daz).
Indeed, let us just consider Sg = [T ~1(B), B being a circle into (S?, ds?) with constant
curvature p = (k% + 2 — 1)/x and take now a geodesic in Sg withslopel = (1 — 1)/«.

Thirdly, let L and A be the length of 8 and the enclosed oriented area by § in (S?, do?),
respectively. As Pinkall showed [22], Sg is isometric to R?/I", I" being the lattice generated
by (L, 24) and (0, 27r). We notice that, due to the holonomy, the horizontal lifts of g are
not closed in (X3, do?). Now the helix y lying in Sg is closed if and only if

I=gqy/p*+4—3p, 5:3)

where g is a non-zero rational number (otherwise, x = 0 and y would be a geodesic in
(X3, do?), and therefore a trivial critical point of ), and p is the curvature of §.

Finally, let p and g be any real number and any non-zero rational number, respectively.
Then we use (5.5) to get the slope, and (5.3) and (5.4) to compute the curvature x and
torsion 7 of a closed helix y in (X3, do2). Moreover, y will be an r-generalized free
elastica provided that x and t satisfy (5.2). Therefore p and g satisfy

(rp+2Qr + DI — (r + Dpl®)(p +21) = 0. (5.6)

Since y was assumed to be non-geodesic, we have that p + 2/ # 0. So we bring (5.5) to
the equation rp +2Q2r + )i — (r + Dpl2 =0to get
(r+ D*(@% = 0" +40 + D0 + Dg* = 3Gr + Dg’ + 50 + D)o’
—44%@2r+1)=0. (5.7
From here we see that for any non-zero rational number g we have exactly one positive

solution p? of the quoted quadratic equation. That can be summed up in the following:

Theorem 12. For any natural number r, there exists a one-parameter family {y,},ca\ (o)
of closed helices in (23, do?) which are r-generalized free elastica.

Remark 13. Fromrp +2Q2r + I — (r + Dpi2 = 0 we easily see how to get ¢ in terms
of p. It suffices to write the quadratic equation

+1
O + Dpy/p? +4g% — ((r + Dp? +22r + 1))g + r—4——p\/p2 +4=0.
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We already know that for any non-zero rational number g, we have exactly one p (up to
the sign). In contrast, the last formula says that each p determine exactly two values of g,
unless p2 = (2r + 1)? /(r(r + 1)), which corresponds to g = i%. Since both values of
q are rational, that means that the corresponding Hopf tori in (23, do?) have transverse
foliations by closed free elastic helices. As a consequence we obtain

Theorem 14. Let r be any natural number. For any non-zero rational number q, there
exists an (r + 1)-dimensional Willmore—Chen submanifold Y,, = ®(y x S”) in the pseudo-
hyperbolic space ([H];H, ho), y being an r-generalized free elastic closed helix in the once
punctured unit 3-sphere (X3, do?) whose slope | is computed as above.

6. A general approach

We are going to extend the argument we have used in the last section to construct
Willmore—Chen submanifolds in the pseudo-hyperbolic space.

Let (M), g1) and (M>, g2) be two pseudo-Riemannian manifolds of dimension #n; and
ny, respectively. Given a positive function f defined on M| (we can assume inf(f) > 0 if
M, is not compact), define the warped product M x; (eM>), i.e., the product manifold
M| x M, endowed with the metric tensor g = g| + €fg2, where € = +1, f being the
warping function. We simply write M = M x; (e M>) when the involved metrics are
understood. From now on (M», g;) will be a homogeneous space and G its isometry group.
This action can be naturally extended to M by defining

MxG-> M
((m,my),a) — (my,my)-a = (my,my-a),

for any (m|, m3) € M and a € G. As the action of G on M is transitive, the orbit of any
point m € M is nothing but [m] = {m} x M>. Then a preliminary result states as follows.

Proposition 15. Let N be a submanifold of M of dimension ny + 1. Then N is G-invariant
if and only if there exists a curve y in My such that N =y Xy (e M>).

Proof. ltis easy to see that any submanifold y x s (€ M>) is G-invariant. Conversely, assume
that N is G-invariant. Then the orbit [p] = {m |} x My of any p = (m|,m;) € Nisa
ny-dimensional submanifold of N. This proves that N is foliated whose leaves are totally
umbilic submanifolds in (M, g) all of them diffeomorphic to M;. In other words, the leaves
of this foliation are nothing but the fibres of the warped product (M, g) along N. The
transverse (orthogonal) distribution, being of dimension one, can be integrated. Therefore,
we can choose a curve y in My such that the submanifold N writesdownas N = y x s (e M2),
which concludes the proof. 0

Now the main result states as follows.
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Theorem 16. Let (M, g) = (M), g1) Xy (M2, €g2) be a warped product, where (M2, g2)
is a compact homogeneous space of dimension ny. Let y be an immersed closed curve in
(M1, g1). The submanifold N = y x s (e M3) is a Willmore—Chen submanifold in (M, g) if
andonly ify isa %(nz + 1)-generalized free elastica in (M1, (1/ f 2)g1). That means that
y is a critical point of the functional

Fra(y) = / (&)t D2 s,
4

« being the curvature function of y into (My, (1/f)g1).

Proof. Since the Willmore—Chen variational problem is invariant under conformal changes
of the metric of the ambient space, we are allowed to consider anew metric ¢ on M defined by

1
f?
Therefore, Willmore—Chen submanifolds in (M, g) and (M, g) agree. Moreover, we will
profit by the pseudo-Riemannian product structure of (M, §). Let us denote by A the smooth

manifold of (n; 4+ 1)-dimensional compact submanifolds in (M, g). The Willmore—Chen
functional on AV writes down

- 1
g= 8=F81+582-

2(N) = /((H, H) — 7)®@D/2 gy,
N

H and t. standing for the mean curvature vector field and the extrinsic scalar curvature
of N in (M, g), respectively, and dv is the volume element of N relative to the induced
metric. Now set N the submanifold of ' made up by those submanifolds which are G-
invariant. By Proposition 15, we already know that N = {y x 1 (eM3): y is an immersed
closed curve in M1}. Similarly, let C and Cg be the set of critical point of £2 on A/ (i.e., the
set of Willmore—Chen submanifolds) and on N, respectively. The principle of symmetric
criticality of Palais [21] can be applied here, because §2 is invariant under the action of
G on (M, g). Observe that G acts through isometries, so that f has no influence. Hence
C N Ng = Ci. Now we are going to compute £2 on N. First £2 writes down as

R2(y xy (€M2) = f (H, H) — )™ *D/2 ds duy,
Y XM,

where ds stands for the arclength element of y into (M1, (1/ f?)g1) and dv; is the volume
element of (M3, €g2). As (M, g) is a pseudo-Riemannian product, it is not difficult to see
that 7. vanishes identically and (H, H) = (1/(n2 + D3,k being the curvature function
of y in (M1, (1/ fH)g1). Thus we obtain

vol(M;, €g7)
2y x5 (€Mp)) = (,,?21‘)@% /(K2)(n2+1)/2 ds.,
4

which finishes the proof. O
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7. Some applications
7.1

Let g1 be any conformally flat Lorentzian metric on a torus T2 = S! x S!. It is known
that (T2, g;) is complete, which is not guaranteed, in the realm of Lorentzian geometry,
from the compactness of T2 (see for instance [23]). Let us denote by go the conformal
flat metric. There is a positive function, say f : T2 — R, such that g; = f2go. Set
M3 = T? x S! endowed with the pseudo-Riemannian metric g = g| + €2 dt?, where
€ = =1 and dr? denotes the canonical metric on the unit circle S'. The following statement
shows the existence of Willmore tori in the three-dimensional pseudo-Riemannian manifold
(M, g), which topologically is the product of three circles.

Corollary 17. Let M® = T? x S! endowed with the metric g = g| + €f* dt?, where g
is any conformally flat Lorentzian metric on T* and f the positive function on T? giving
this conformal flatness (go being flat and g\ = f%go). Then ¥ = y x f (€S") is a Willmore
torus in (M3, g) ifand only if y is a closed free elastica in the Lorentzian flat torus (T*, go).

The proof is a straightforward computation from Theorem 16. Furthermore, one can
construct closed free elasticae in (72, go) from free elasticae in the Lorentz—Minkowski
2-plane 12 (see [6]).

7.2

Let (IH]%, go) be the standard anti De Sitter 3-space. Given any positive function f : IH]? —
R, consider the metric gf = f Zhg. Let (M, g) be the pseudo-Riemannian product manifold
M = [H]? x M, endowed with the metric g = g7 + f2egs, (M3, g2) being any compact
homogeneous space. Then y x M3 is a Willmore—Chen submanifold in (M, g) if and only
ifyisa %(ng + 1)-generalized closed free elastica in ([I-I]?, £0)-

As above, one can find %(nz + 1)-generalized closed free elasticae in ([H]'?, go) for any
non-zero rational number (see [6] again).

7.3

We will get three-dimensional pseudo-Riemannian manifolds (either Riemannian or
Lorentzian) admitting a foliation whose leaves are non-trivial Willmore tori (either Rie-
mannian or Lorentzian). These foliations will be called Willmore foliations. Also we will
say that the pseudo-Riemannian manifold is Willmore foliated. To do that we start with an
immersed plane curve y : I C R — R? and a pair of positive functions fi, f> : I — R.Let
M = y xS' xS! endowed with the metric givenby g = ds2+f12 d112+ef22 d122, keeping the
above terminology. It is clear that g is conformal to the pseudo-Riemannian product metric
g definedby g = go+€ dt22 on the manifold M = N x S', where go = dt* + (f1/ f2)? dt12
and N = y x S'. Notice that we have reparametrized y by ds/d¢t = fi(s). We can now
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make a suitable choice of both f; and f, along y in order to view (N, go) as a surface of
revolution in R3. On the other hand, the elasticity of parallels in a surface of revolution was
yet discussed in [8]. There it was shown that, besides right cylinders (all whose parallels
are geodesics and therefore trivial free elastic curves), the only surfaces whose parallels are
all free elasticae are the trumpet surfaces (which are free of geodesic parallels, see [8] for
details). Then we have:

Corollary 18. Let (b, ¢) be a pair of real numbers, withc > 0. Set I = (~2/c,2/c) — {0}
and define y : 1 C R — R? by

[ 2 1
s2, % 1— Czsz — Zarc cos—Cz—s +b

Let fi, f> : I = R? be two positive functions satisfying (fi/ f2)(s) = %csz. Then M =
y x S' x S!, endowed with the metric g = ds® + f12 dtl2 +€ f22 dtzz, admits a Willmore
Soliation which is either Riemannian or Lorentzian, according to € is 1 or —1, respectively.

v(s) =

Al

7.4

The construction we made in 7.1. can be extended as follows. Let (M, g) be any compact
Riemannian manifold and f any positive smooth functionon M.Let N = M x S! endowed
with the metric gy = g +¢€f 2 ds2. From Theorem 16 and a remarkable result of Koiso [16],
we have the following existence result for Willmore tori.

Corollary 19. There exist Willmore tori in (N, gr) for any positive smooth function f on
M.

Proof. We first apply Theorem 16 to (N, gr). Given a closed curve y immersed in (M, g),
then y xy (eS') is a Willmore torus in (N, gr) if and only if y is an elastica into
(M, (1/f 2)g). Now the existence of these curves in any compact Riemannian manifold
is guaranteed by the result of Kaiso [16].

It should be noticed that the elastica in (M, (1/f 2)g) could be a closed geodesic. In
fact, elasticae appear as stationary solutions of a parabolic partial differential equation. The
existence of such a solution on the space of closed curves of fixed length is proved in [16).
This solution can be a geodesic since geodesics are singular, stationary solutions of that
equation. O

7.5

The last application will show once more how powerful is our method.

Corollary 20. For any positive function f on a genus zero Riemann surface M, there exist
at least three conformal minimal (maximal if € = —1) Willmore tori in M x (eS') which
are embedded.
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This assertion comes easily from Theorem 16 combined with the following new ingre-
dient. A very classical result of Lusternik and Schnirelmann, [19] guarantees the existence
of at least three geodesics without self-intersections on any simply connected Riemannian
surface M. That means that (M, (1/ f%)g) has at least three closed geodesics without self-
intersections, which we will denote by y;,i = 1,2,3. Then N; = y; X5 (eS'), i=1,23,
are embedded Willmore toriin M x ¢ (€S!). Of course they are minimal (maximal if e = —1)
with regard to the pseudo-Riemannian metric (1/f2)g + € dz2.

It should be noticed that this is the best possible result. In fact, just chcose (M, (1/ f)g)
to be an ellipsoid. Then it has exactly three embedded closed geodesics. In this case we can
obtain exactly three conformal minimal (maximal) Willmore tori in M X s (€S') which are
embedded. Actually, we can obtain infinitely many others immersed Willmore tori.

We also observe that we have essentially covered the whole space of metrics on M.
Indeed, a nice consequence of the uniformization theorem for Riemann surfaces ensures
the existence of exactly one conformal structure and therefore only one conformal class of
metrics.

Finally, recall that compact minimal (maximal) surfaces are always Willmore surfaces
only if the ambient space has constant sectional curvature.
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